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Abstract
Chiral anomaly induces a new kind of macroscopic quantum behavior in relativistic magnetohydrodynamics, including
the chiral magnetic effect. In this talk we present two new quantum effects present in fluids that contain charged chiral
fermions: 1) the turbulent inverse cascade driven by the chiral anomaly; 2) quantized chiral magnetic current induced
by the reconnections of magnetic flux. We also discuss the implications for the evolution of the quark-gluon plasma
produced in heavy ion collisions.
Keywords: magnetohydrodynamics, quark-gluon plasma, chiral matter
In this talk, we provide an elementary description of the recent papers [1] and [2] on the quantum effects
induced by the chiral anomaly in relativistic magnetohydrodynamics. Due to the lack of space, we refer the
reader to these papers for details and a complete list of references.
The anomaly-induced transport of charge in systems with chiral fermions has attracted a significant
interest recently. This interest stems from the possibility to study a new kind of a macroscopic quantum
behavior. While the macroscopic manifestations of quantum mechanics are well known (for example, su-
perfluids, superconductors and cold atoms), so far they have been mostly limited to systems with broken
symmetries characterized by a local order parameter, e.g. the density of Cooper pairs in superconductors.
The effects induced by the chiral anomaly [3, 4] in systems with chiral fermions are of different nature.
Let us consider as an example the Chiral Magnetic Effect (CME) in systems with charged chiral fermions
– the generation of electric current in an external magnetic field induced by the chirality imbalance [5], see
Refs. [6, 7] for reviews and references. The experimental observation of CME in a Dirac semimetal ZrTe5
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has been reported recently in [8]; currently, over a dozen of 3D chiral materials have been shown to exhibit
the CME, see e.g. [9, 10]. In this case, no symmetry has to be broken, and the system is in its normal state.
However the chirality imbalance is linked by the Atiyah-Singer theorem to the non-trivial global topology of
the gauge field. Since the global topology of the gauge field cannot be determined by a local measurement,
there is no corresponding local order parameter, and we deal with “topological order”.
This has very important implications for the real-time dynamics of a system composed by charged chiral
fermions and a dynamical electromagnetic field. Let us initialize the system by creating a lump of chirality
imbalance localized within a magnetic flux forming a closed loop, see Fig. 1a. The magnetic field will
induce the CME current flowing along the lines of magnetic field B (an effect that is absent in Maxwell
electromagnetism). Because the electric CME current itself acts as a source for the magnetic field, the
current flowing along B will twist the lines of magnetic flux (see Figs. 1b,c). This will induce a non-zero
expectation value for the magnetic helicity known since Gauss’s work in XIX century and introduced in
magnetohydrodynamics by Woltjer [11] and Moffatt [12], see also [13]:
hm ≡
∫
d3x A · B . (1)
Magnetic helicity is a topological invariant (Chern-Simons three-form) characterizing the global topology
of the gauge field. It is mathematically related to the knot invariant, and measures the chirality of the knot
formed by the lines of magnetic field. Because of this, the generation of magnetic helicity will create the
chiral knot out of the closed loop of magnetic flux – so the topology of magnetic flux will change. In a recent
paper [1] we have quantified this statement, and studied how the topology of magnetic flux changes in real
time. We have found that as a consequence of chiral anomaly and the CME, the magnetic field evolves to
the self-linked Chandrasekhar - Kendall states (see Fig. 1d), that are solutions of the ∇ × B ∼ B equation.
(a) (b) (c) (d)
Fig. 1. The topology of Abelian magnetic flux: (a) upper left – untwisted loop; (b) upper right – twisted magnetic flux; (c) lower left
– the self-linked magnetic flux (trefoil knot shown); (d) lower right – the self-linked Chandrasekhar-Kendall state.
During the evolution, the size of the knot of magnetic flux increases due to the chiral magnetic instability.
Moreover, at late times this evolution becomes self-similar, and is characterized by universal exponents [1].
To discuss the qualitative picture of the inverse cascade driven by anomaly, let us first define the fermionic
helicity:
hF ≡ C−1A
∫
d3x nA , (2)
where nA = j0A is the density of axial charge. The total helicity of the system h0 is conserved:
h0 ≡ hm + hF = const , (3)
but the chiral anomaly can re-distribute helicity between the fermionic and magnetic parts. Therefore, the
system will tend to minimize the energy cost at a fixed helicity. This has been found to induce the inverse
cascade of magnetic helicity [14, 15, 16, 17, 18] . As recently shown in [1], the inverse cascade is achieved
by transferring helicity to the Chandrasekhar-Kendall states of increasing size. Moreover, the corresponding
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(a) (b)
Fig. 2. (Color online) The evolution of magnetic helicity spectrum g(k, t). (Left): g(k, t) at initial time t = 0 (red) and three
representative times respectively. (Right): t−αg(k, t) vs tβk in the self-similar stage of the evolution.
inverse cascade of magnetic helicity is self-similar, and is characterized by universal exponents that corre-
spond to the diffusion universality class. The self-similarity of the cascade is illustrated in Fig.2: the inverse
cascade of the momentum spectrum g(k, t) of magnetic helicity hm defined by hm(t) = 1/pi
∫
dk k g(k, t)
shown in Fig.2a exhibits a self-similar behavior, see Fig. 2b. The values of the exponents are fixed to α = 1,
β = 1/2 by the dynamics of the inverse cascade and dimensional arguments, see [1]. This self-similar
cascade exists also when the velocity of the fluid is taken into account, as shown in [19].
Fig. 3. (Color online) Current generation associated with unlinking of a simple link of two flux tubes. The solid arrows denote the
directions of the magnetic field, and the dotted arrows indicate the directions of generated CME currents.
So far, we relied on an external source of fermionic helicity to initiate the inverse cascade. An initial
fermionic helicity can be provided by coupling the theory to a non-Abelian sector, where the instanton
and sphaleron solutions exist. This corresponds to the conventional scenario in heavy ion physics where
sphalerons in hot QCD plasma create a chirality imbalance that then induces the chiral magnetic effect
in an external abelian magnetic field created by the colliding ions [5]. However, as shown in [2], the
chirality imbalance can be created by the topology of abelian magnetic field within resistive relativistic
magnetohydrodynamics.
Indeed, consider the chirality associated with the topology of magnetic flux. In the absence of magnetic
monopoles the lines of magnetic field are closed. For example, the field lines of a solenoid form an “unknot”.
However the topology of magnetic flux can be more complicated, and magnetic flux can form a chiral knot.
Magnetic reconnections can change the chirality of this knot, and thus induce the imbalance of chirality in
the system, see Fig.3. This imbalance of chirality will then lead to the generation of the chiral magnetic
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current. The corresponding chiral magnetic current is quantized, and is completely determined by the knot
invariants [2].
The main result of [2] is the following formula for the generated current ∆J along the loops Ci of
magnetic flux in terms of the change ∆H of the magnetic helicity, which is a topological measure of the
knot (to be defined below), ∑
i
∮
Ci
∆J · dx = − e
3
2pi2
∆H , (4)
where e is electric charge. Since ∆H is an integer number times the flux squared, the CME current resulting
from reconnections of magnetic flux is quantized. The process illustrated in Fig. 3 shows the simplest
realization of such currents. The unlinking of a link involves the topology change of the magnetic fluxes
which generates the CME currents (indicated by dotted arrows) on both tubes. The amount of the integrated
current over the tubes is given by the helicity change during the process, as quantified by Eq. (4).
In heavy ion collisions, the reconnections of magnetic flux can thus provide a source for the chiral
magnetic current during the late hydrodynamical stage of the quark-gluon plasma evolution. Since the
electrical conductivity of the quark-gluon plasma is finite, the magnetic helicity is not conserved, and so
the reconnections of magnetic flux should occur. Apart from the effect on charged hadron asymmetries,
the chiral magnetic currents propagating along the curved lines of magnetic field will act as sources of
soft photons. A quantitative study of these and related CME effects will require a numerical description
combining dynamical electromagnetic fields [20] with the currents induced by the chiral anomaly. This
work is part of the Beam Energy Scan Theory (BEST) Collaboration research plan, and is ongoing.
This work was supported in by the U.S. Department of Energy under Contracts No. DE-FG- 88ER40388,
DE-AC02-98CH10886 and de-sc0011090 and within the framework of the Beam Energy Scan Theory
(BEST) Topical Collaboration.
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